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ABSTRACT

In recent years, optimization techniques have been very helpful in managing the day-to-day real-life
applications in business, manufacturing, hospitals, etc. This paper deals with the inventory model for
decaying items with inflation and trade credit policy. The demand rate of the product is assumed to be
time-varying and the production rate is demand-dependent. Numerical illustrations are provided to
demonstrate the developed mathematical model in various cases with trade credit policies. The
sensitivity analysis is also demonstrated and the convexity of the total inventory cost function for each
case is revealed graphically.
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1. INTRODUCTION

The model incorporating the facility of permissible delay in payment was first discussed by Haley and
Higgins (1973). Goyal (1985) explored a single item EOQ model under permissible delay in payments.
In real life situations, there are products like volatile liquids, medicines, and materials, etc. in which the
rate of deterioration is very large. Therefore, the loss due to deterioration should not be ignored.
Aggarwal and Jaggi (1995) extended Goyal’s (1985) model to allow for deteriorating items. Shortages
are of great importance especially in a model that considers a delay in payment due to the fact that
shortages can affect the quantity ordered to benefit from the delay in payment. Jamal et al. (1997)
generalized the model of Aggarwal and Jaggi (1995) to allow for shortages and make it more applicable
in the real world. In the above cited references, all the models were developed for a single warehouse
and assumed that the available warehouse had unlimited capacity. However, this assumption is debatable
in real life situations. A common practical situation is that of a limited storage space, whereas the extra
storage capacity can be acquired in the form of rented warehouse if the retailer’s existing storage
capacity is insufficient to store the ordered quantity.

Motivated by the trade credit policy given by supplier, first time Shah and Shah (1992) developed a
deterministic inventory model under the permissible delay in payment with two storage facilities. In that
model, the items were considered non-deteriorating without shortage and the time horizon was infinite.
Chung and Huang (2004) extended Goyal’s (1985) model by considering limited storage capacity of the
retailer in which the items were considered non-deteriorating. In that model, shortage was not allowed
and the time horizon was infinite with constant demand rate. Ouyang et al. (2006) developed an
inventory model for deteriorating items with permissible delay in payments. The purpose of that study
was to find an optimal replenishment policy for minimizing the total relevant inventory cost. Chung and
Huang (2007) presented a two-warehouse inventory model for deteriorating items under trade credit
financing. In that model, shortages were not allowed and time horizon was infinite. The rate of
deterioration in both warehouses was considered the same. Singh et al. (2008) presented a two-
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warehouse inventory model for deteriorating items with constant demand rate where shortages were
allowed and partially backlogged. Singh and Jain (2009) proposed a deterministic inventory model with
time varying deterioration rate and a linear trend in demand over a finite planning horizon. Singh and
Malik (2008, 2009) proposed the mathematical model with the effect of inflation. Geetha and
Uthayakumar (2010) developed an Economic Order Quantity (EOQ) model for deteriorating items with
permissible delay in payments and single storage facility. In that model, shortages were partially
backlogged. Malik and Sharma (2011) developed the inventory model with multivariable demand under
the effect of inflation. Singh et al. (2014) discuss the inflation induced inventory model with stock
dependent demand under the permissible delay in payment policy. Ouyang et al. (2015) proposed an
integrated warehouse inventory model with capacity constraint and a permissible delay payment period
that is order-size dependent. Tiwari et al. (2016) develops a two warehouse inventory model for non-
instantaneous deteriorating items with permissible delay in payments under inflationary conditions.
Shortages are allowed and partially backlogged, since customers’ willingness to wait decreases over
time. Jaggi et al. (2016) developed the inventory model with shortages under permissible delay in
payments. Vandana and Sharma (2016) developed an inventory model for retailer’s partial permissible
delay-in-payment linked to order quantity with shortage, which is partial backlogged. Here, we consider
two different cases, i.e. in first, the trade-credit period (M) is greater than or equal to the time interval,
that units are depleted to zero due to demand; and later, the trade-credit period is less than the time
interval. Pramanik et al. (2017) developed an integrated supply chain model under three level trade
credit policy with price, credit period and credit amount dependent demand, where a supplier offers a
credit period to his/her wholesaler to boost the demand of the item.

In the past, most work has been done by many authors under consideration negligible inflation. But in
recent times many countries have been confronted with fluctuating inflation rates that often have been
far from negligible level. The pioneer in this field was Buzacott (1975), who developed the first EOQ
model taking inflation into account. Mishra (1979) first provided different inflation rates for various
costs associated with an inventory system, under for various costs associated with an inventory system,
under the assumption of constant demand. Bose et al. (1995) developed the EOQ inventory model under
inflation and time discounting. Yang et al. (2001) provided an inventory models with time varying
demand patterns under inflation. Yang (2004) considered a two — warehouse inventory problem for
deteriorating items with constant demand rate under inflation. Chern et al. (2008) developed a partial
backlogging inventory lot-size models for deteriorating items with fluctuating demand under inflation.
Yang et al. (2010) proposed an inventory model under inflation for deteriorating items with stock-
dependent consumption rate and partial backlogging shortages. Guria et al. (2013) presented with
inflation and selling price dependent demand under deterministic and random planning horizons
allowing and not allowing shortages. Yang and Chang (2013) incorporated a permissible delay in
payment and developed a two-warehouse partial backlogging inventory model for deteriorating items
with permissible delay in payment under inflation. Pal et al. (2015) considered a production inventory
model for deteriorating items with ramp type demand rate under the effect of inflation and shortages
under fuzziness. The deterioration rate is represented by a two-parameter Weibull distribution.
Regarding the work in Sharma et al. (2013), Gupta et al. (2013), Malik et al. (2016), Vashisth et al.
(2016), Kumar et al. (2016) an improved inventory model for non-instantaneous deteriorating products
is obtained and demonstrated through numerical results. Time varying demand inventory model
discussed by Malik et al. (2017), Kumar et al. (2017) and Malik et al. (2018) etc.

In this study, a production inventory model is proposed with trade-credit facility. The demand rate of
the item is considered time dependent, and the production rate is assumed variable. The concept of non-
instantaneous deterioration is taken into consideration as in some realistic cases deterioration of the
product starts after some time. Numerous possible cases on the bases of the positions of trade-credit
period and starting point of deterioration have been enlightened. Numerical examples are given to
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illustrate the proposed model in all cases. The sensitivity analysis is also performed and convexity of
the average total cost function for each case is revealed graphically.

2. ASSUMPTIONS AND NOTATIONS

2.1.  Assumptions

In developing the mathematical model of the inventory system, the following assumptions are made:
1. The inventory system involves only one item.

2. 4()=0he the deterioration rate of the on-hand inventory at any timet, where0<6<<1 The
deterioration starts at timet =% .

3. The deteriorated units are neither repaired nor replaced during the time period L,

4. The demand rate P s time dependent and is defined as D()=a+pt , Where parameter @ >0 p=0

5. The production rate P(t) is dependent on the demand rate, i.e., P(t) = KD(t) where K is a constant.

2.2. Notations
The following notation are used throughout the model:
I(t) : Inventory level at any timet,t>0;

I : Maximum inventory level at the timet, (units);

m

A : Setup/ordering cost per cycle;

P(t) : Production rate;

t, Time point at which deterioration starts;

t, : Time point at which the production stopped,;

t, ; Production cycle time;

M : Delay period provided by the supplier to the manufacturer;
C, Cost per item for regular production ($);

c, Production cost per item for an item produced during overtime ($);
C, Holding cost per unit per unit time ($);

C, Deterioration cost per unit per unit time ($);

S Per unit selling price, s>c, ($);

I : Interest earned per unit per unit time ($);

I : Interest charged per unit per unit time ($);

r : Inflation rate

3. MODEL DEVELOPMENT

In the model, there are two approaches in the formulation of a production inventory system for decaying
item. First, the production stopping time point is lesser than the life time of produced item and second,
the production stopping time point is greater than the life time of item. To study these two occurrences,

we assumed to case (1) for (s >4 and (2) for (b >ta)
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3.1 Case 1: suppose (s >4)

L 3
Inventary
Level

Time

| | |
1] ty RO R T A

L J

Fig.1: Inventory system when (t > 1),

In Case 1, the inventory system during a given cycle is depicted in Fig. 1. It is assumed that the initial
stock is zero and production starts att =0 During the interval Ogtgtl, items are produced with a
production rate P(t) per unit time and there are no deteriorated items during this period. At the time
t=4 stock level reaches to the highest level Inand then production is stopped. Depletion is taken place
by only demand during the periodtl St<t and by demand and deterioration both during the period
b <t<t gng at =0 the inventory becomes zero.

Following the earlier assumptions, the differential equations describing the inventory level (1) at time

HO=<t=t,) of this system over the production period are given by
dl, (t)

! :P(t)—D(t); o<t<t, (3.1)
di, (t)

—L = D(t); t <t<t, (3.2)
dl, (t)

+6tl, (t)=-D(t) t, <t<t, (3.3)

with boundary conditions ! (0) =0and 1, (t,) =0

The solutions of the above mentioned differential equations are given by

Il(t)=(K—1)[at+ ﬂéz J

a4

e 2 ¢ £ ¢ t t*
I, (t)=e 2 {a(tz—t)+ﬁ(%‘7}“9{%_?}9ﬁ(%_?ﬂ t <tst
d =~ 2(3.6)

Now, the setup cost is given by

SGi=A (3.8)
The holding cost is given by
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4 ty t,
HC, =C, [j I (t)e "dt+[1, (t)e "dt+[ 1, (t)e_“dt:l
0

Y ty

=C{(K—1){"“l L. ﬂf }Hm(td t)- 'gr (€ -t)

2 3 6
t* oottt tt 2t ot
—a L—i—tl——tltd— L + ab _F L+_ti_t12td_ d _L
2 2 3 6 2 2 3 3 3 3
ret; t ot e ort, o ortit t; 2t t, orty
+d—t1 to| S+ttt ——— b |, AL | 2 —tt, + AL
2 2 2 3 6 2 2 3 3 2 4
reit t; 3t rt; ottt tt 4t rty
ST PR UL 0, +—2 Ly 12 + 29 = 2 g, -2
2 6 4 4 10 5 2 8 5 5 3
LA
6 2
(3.9)
The deterioration cost by neglecting the higher degree terms of ¢ is given by
t
DC, =C, [ 6tl;(t)e " dt
ty
_oc,|a £+i_t2t§ oy . ity o o
6 3 2 12 4 3 40 10
ot 4 6 6 5 4 4 2.2 5
Lot ort, . oty Orttg A 2rt;
8 60 12 10 21 2 4 2 15
oty . Mty 6 oty N oLty . ort) . orty  orttg .
5 3 24 12 8 35 14 10
5 5 3.2 6 6 3:3 7 7 3.4
ab | 3t o bl M g Tty 30, oy N oty N
6 | 10 5 2 6 6 3 14 14 8
30rtS . ort;  ortt] L SO ts . 5t 4rt) ot N rts
80 16 10 8 3 6 2 21 7 3
o of . otit] . 20rt] . ortd ot H
16 16 8 45 18 10
(3.10)
The production cost is given by
4 4
PC, =C, (jae‘”dt]+00 [bK (a+ pt)e "dt
0 0
2 2 2 3
ar r r
:Cp(atl— ;1 }+C0bK(aq+ﬂ;‘ —aztl —ﬂ;‘ J
(3.11)

Now, permissible delay period M is assumed greater than the production run time ti. So, in Case 1 there
may arise three cases according to the position of delay period M such as case (i) LM<t <t case (i)
b <ty <M<t and case (i) M>1% Now, we will discuss these cases separately one by one.

3.1.1 Special Case (i): When & =M <t <%,

In this case, interest earned is given by
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M

IE,, =S, [ (a+pt)te"dt

0
2 3 3 4
:Sle[aM LPME_arM® M }

2 3 3 4

(3.12)
Interest charged is given by
IC, = Cplcf(mﬁt)te'“dt
_ 22_2£3_3_a_r3_3_ﬂ4_4
_cp|c[2(tz M)+ B (e -me)- 2 (e -me)-Er M)} 619

Now, the average total cost per unit time of inventory system in special case (i) of case 1 is given by

1
ATC, (t,) =?[SC1 +HC, +DC, +PC, +IC,, - IE; ] (3.14)

3.1.1.1 Solution procedure

The objective of this study is to minimize the average total cost per unit time. The optimal value of t,

can be determined by solving the equation dATC,, (t,)/dt, =0 \yith the help of software Mathematica 8.0
and the minimum average total cost can be obtained from (3.14).

3.1.2 Special Case (ii): When & <t <M <t
In this case, interest earned, interest charged are similar to the case (i).

Now, the average total cost per unit time of inventory system in special case (ii) is given by
ATC,, (t,) =_|_i[SC1 +HC, +DC, +PC, +IC,; — IE,, ]

(3.15)
Solution procedure given in case (i) can be used to find the optimal solution.
3.1.3 Special Case (jii): When M >t
In this case, interest earned is given by
IE, =SI, l:j(a+ﬁt)te‘“dt+(M —tz)j‘(a+ﬁt)e‘”dt}
— S|E|:M (atz +ﬂ;2 _arztz _ﬂgz \J_(a; -‘,—ﬂth—ar‘Gtz _:B]ZZ j:l
(3.16)
There is no interest charged for this case, so we have
1C,, =0 (3.17)

Now, the average total cost per unit time of inventory system in special case (iii) of case 1 is given by
1
ATC, (1)) :?[SC1 +HC, +DC, +PC, +IC, — IE, | (3.18)

3.2 Case 2: suppose (ks <t)
In Case 2, the inventory system during a given cycle is depicted in Fig. 2.
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Fig.2: Inventory system when (t, <t),

It is assumed that the initial stock is zero and just aftert =0 production starts. During the interval
O<t=<t, , items are produced at the rate P(V) ynits per unit time and there are no deteriorated items. At

the time' =1 the deterioration starts. At the time® =4, stock level reaches to the highest level Inand
then production is stopped. Depletion is started by demand and deterioration both during the period

L=t<tgng inventory becomes zero at t=t,,

The differential equations describing the inventory level (1) at time HOST<L) of the inventory system
in Case 2 over the production period are given by

dr)
— =) D(t); 0<t<t, (3.19)
dl, (t) —P(t)-

S HdOLO=PO D(t); t, <t<g (3.20)
dl (t) —_

G HdOLM=-DO) t <t<t, (3.21)

with boundary conditions 1,(0)=0,1,(t)=0
The solutions of the above mentioned differential equations are given as respectively

I, (t)=(K 1)(at+ > ] 0<t<t, (3.22)

L) =1, +(K—1)[a(t—tl)+ P2 )+ 2@ )+ POy —tf)}e“%

2 8
t, <t<t (3.23)

—ot?

t2 tz t3 t3 t4 t4
I, (t)=¢e 2 {a(tz—t)+ﬁ{i——]+a6(i——]+6’ﬁ[i——ﬂ
2 2 6 6 8 8
b <t<t (3 24)

Now, the holding cost is given by
ty t t,
HC, =C{j I, (t)e "dt+] Iz(t)e_”dt+II3(t)e_”dt}
0

ty I’}
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r

:C{Im(q—td)— (0 —t§>+(K—1){a(t1td—%+%—m]+

ﬂ[tft o w _rt2t2]+ a0 (tft G e rtjtfj
d d™l
6

+

2 3 2

44 £ ottt ottt 2t e ot rt’t
Lo tht, - —— -+ ho, M b to| S+ttt - — -2 12
8 5 5 3 6 2 2 3 6 2
2 2t ! orthrt’t tt 3t e rt® ot
Bl 2 P, + 2 — -2 LA U 2, +— - 2
21 3 3 2 4 2 6 | 4 4 10 5 2
.Ca £+£_t§td oy N rtit,
8 | 5 5 3 6 2
(3.25)

The deterioration cost by neglecting the higher degree terms of ¢ is given by

t t,
DC, =C, [Iﬁtlz (t)e "dt+ [ ot (t)e "dt

ty I’}

oty o
2 6

1 ré
-0t 1 {2 )~ L - -naf
ot . ot . 0ty O°tt, . ro; . oty oty ré'tt  ro’ty . ro*tot,
3 40 10 8 12 4 3 60 12 10
B ( oy ey oy 0  6G  ouy 2rew ey regty  2ro’y

21 2 4 4 24 12 8 15 5 3 70
A N ro’tt’ , a0 oty 30t ot N 36%t] . AN . rot’ .
14 10 6 | 2 10 5 56 14 8 6

rot ~ roct;  3ro’t ~ ro’ts . ro’tt L o't} ~ or ~ ot . ot . ot
6 3 80 16 10 8 2 3 6 16 16

o*tit! . 4ror/ . rot; B ro'ts ~ 2ro°t) ~ ro’t; . ro’et; o[ ot N ot .
8 21 7 3 45 18 10 6

3 2.5 2,5 2.4 4 4 3 2,6 2,6 2.5
ot 0 o°t't rot rot rett rg°t ro°t ro°t’t
+9t1_ 2 t1+ 12 2 1 21 2, 1 HzJ_’_

3 40 10 8 12 4 3 60 12 10

ﬂ( ot o . o, 0t Ot . Ot 2rot  roy . rott . 2ro’t]

+
2 2 4 4 24 12 8 15 5 3 70
N ro’t] N ro*t, La0(_ ott; . 36, N oy 30 o0 N oty v
14 10 6 2 10 5 56 14 8 6
6 3,3 2.8 2,8 2.5.3 4,2 6 6 2.8
;
— etl + retltZ + 3|’0 t2 + r0 tl _ re tlt2 + ﬂe _ etZtl + Htl + etZ _ 0 t2 _
6 3 80 16 10 8 2 3 6 16
0%t} N o'y, 4rer, ot . rott’ . 2ro’t, . ro’y  ré*tt,
16 8 21 7 3 45 18 10

(3.26)

The production cost is given by
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t t
PC, =C, [jae”dtJ+Co (jb(mﬁt)e”dtj
0 0

2 2 2 3
:Cp(ati— arztl J+CObK(at1+ ’B;l - arztl — '82'1 ]

The setup cost for this case is same as in case 1.
Now, in case 2 there may arise two cases according to the position of delay period M such as special

case (i) & <M =% and special case (ii) M>1% Now, we will discuss these cases separately one by one.

(3.27)

3.2.1 Special Case (i): When & <M =t
In this case, interest earned, interest charged are similar to the special case (i) of Case 1.

Now, the average total cost per unit time of inventory system in special case (i) of Case 2 is given by

1
ATC, (t,) =T[SC1 +HC, +DC, +PC, +1C; — IE; ] (3.28)
3.2.2 Special Case (ii): When M >t
In this case, interest earned, interest charged are similar to the special case (iii) of Casel.
Now, the average total cost per unit time of inventory system in special case (ii) of Case 2 is given by

ATC,, (t,) = _I_i[SCl +HC, +DC, +PC, +IC, —IE,, | (3.29)

4. NUMERICAL EXAMPLE
For illustration of all special cases of the two Cases discussed above in developed model, some
numerical examples are presented. The figures have been taken randomly from literatures in appropriate
units.
Example 1: (Special Case (i) of Case 1) The input values of the system parameters are taken randomly
as follows:

A=200,t; =0.25,6=0.01,M =0.20,«¢ =100, 4=0.05,C, =5,C, =2.8,C; =3,5=10,1, =0.08,1, =0.09

Then, the optimal solution is: ty =073, =0374, ATCy (t,)=328.162
average total cost function is shown graphically in Fig. 3.

and the convexity of the

ATC 11 I‘_z: |_

600
550
500
450

400

0.2 —oad 0.6 0.8
Fig. 3: Convexity of the average total cost function for Special Case (i) of Case 1
Example 2: (Special Case (ii) of Case 1) The input values of the system parameters are taken as follows:
A=200,t; =0.25,6=0.01,M =0.30,«¢ =100,3=0.05,C, =5,C, =2.8,C; =3,5=10,1, =0.08,1, =0.09

Then, the optimal solution is: & =0.216,1, =0.415,
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ATCy, (t, )=388.217 anq the convexity of the average total cost function is shown graphically in Fig. 4.

ATC 12 LzJ |_

550
500
450

400

T ¢ 0 70 0007077070717 qd77017f7q17i717q

0

t2
0.25 05— 0.75 1 1.25 1.5

Fig. 4: Convexity of the average total cost function for Special Case (ii) of Case 1

Example 3: (Special Case (iii) of Case 1) The input values of the system parameters are taken as follows:
A=200,t; =0.25,0=0.01,M =0.40,«¢ =100, =0.05,C, =5,C, =2.8,C; =3,5=10,1, =0.08,1, =0.09

Then, the optimal solution is: ty =0258,t, 0461, ATC, (1, )=418.248
average total cost function is shown graphically in Fig. 5.

and the convexity of the

ATC 13 I;2D |_

500 :
480 R~ -
- /
460 -
- \
- \
. \
440 - \ /
e \\ ///
N to-
B 0.3 04 —0.5 0.6 0.7

Fig. 5: Convexity of the average total cost function for Special Case (iii) of Case 1

Example 4: (Special Case (i) of Case 2) The input values of the system parameters are taken as follows:
A=250,t; =0.20,6=0.01,M =0.10,«=80,5=0.08,C, =4,C, =25,C; =2,5=8,1, =0.08,1, =0.09

Then, the optimal solution is: ty =0.128,t, =0246, ATC, (t, )=238.607
average total cost function is shown graphically in Fig. 6.

and the convexity of the
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Fig. 6: Convexity of the average total cost function for Special Case (i) of Case 2

Example 5: (Special Case (ii) of Case 2) The input values of the system parameters are taken as follows:
A=250,t; =0.20,6=0.01,M =0.20,«#=80,5=0.08,C, =4,C, =25,C; =2,5=8,1, =0.08,1, =0.09

Then, the optimal solution is: ty =0.164,t, =0281, ATC,, (t, )=278.381
average total cost function is shown graphically in Fig. 7.

and the convexity of the

ATC 22 I’.zJ |_

500
450 r

400 /

350

C o.é\ 0.4~ 0.6 0.8

Fig. 7: Convexity of the average total cost function for Special Case (ii) of Case 2

5. Sensitivity Analysis

In Special case (i) of Case 1 when (t, <t ), to discuss the effect of changes of the model parameters

Sty f,C, andC, on the optimal value of the average total cost ATCy, (t;) , the production stopping

time point(tl ), and the cycle time (t2) we have discussed the sensitivity analysis in this section. The
different values of these parameter according to ©% and ¥10% change have been taken and the effect

on ATCy (1) 4 and 2 are presented in the following Table 1. In the similar manner sensitivity analysis
can be performed for other cases.
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Table 1: Sensitivity Analysis for Special Case (i) of Case 1

Parameters | % Change in | %Change in the value of
Parameter
4 t, ATCy (t;)
-20% +0.37 +0.89 -4.81
s -10% +0.19 +0.58 -2.31
10% -0.18 -0.55 +2.20
20% -0.38 -0.83 +4.73
-20% +4.12 +0.10 -0.46
t, -10% +2.91 +0.08 -0.24
10% -3.13 -0.05 +0.27
20% -5.24 -0.07 +0.43
-20% +2.62 +0.15 +9.40
“ 10% ¥1.23 ¥0.07 +4.69
10% -1.53 -0.08 -451
20% -3.14 -0.16 -9.29
-20% +0.18 -0.08 +0.86
/ -10% +0.11 -0.05 +0.22
10% -0.09 +0.05 -0.20
20% -0.13 +0.07 -0.83
. -20% +0.34 +0.52 +1.52
" -10% +0.23 +0.40 +0.78
10% -0.22 -0.41 -0.92
20% -0.35 -0.53 -1.58
-20% 0.07 -1.34 -4.67
C
P -10% -0.04 -0.61 -2.27
10% +0.05 +0.72 +2.29
20% +0.08 +1.29 +4.71

Some important observations drawn from Table 1 are given as follows:

1. TItis observed that from Table 1 as the selling price ‘S’ increases the average total cost per unit time
decreases, because increase in selling price increase the sales revenue and interest earned so the on
the whole cost of the system decreases.

2. Itisobserved from Table 1 that as ‘t4” increases the average total cost of the system slightly decreases
which is evident.

3. TItis observed from Table 1 as the demand factors ‘a’ and ‘B’ increases the average total cost per unit
time increases. The reason behind that more demand implies more production so the total average
cost increases.

4. As the holding cost parameter ‘Cp’ and regular production parameter ‘Cp’ increase the average total
cost of the system increases which is realistic.

6. CONCLUSION

In this article, a production inventory model is developed in which production rate is taken as demand
dependent. It is assumed that demand rate is a linearly increasing function of time and after a influenced
period deterioration occurs with a variable rate. In this model we assumed the concept of permissible
delay to make the model more practical. Different cases of trade-credit have been discussed and
illustrated with some numerical examples. Sensitivity analysis is also implemented and obtained results
shows that the model is quite stable and applicable in real market. A further research can be done by
allowing the model for progressive permissible delay in payment.
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